The aim of this paper is to compare several domain decomposition schemes for nonlinear, coupled electromechanical problems. Both staggered and monolithic electrostatic/elastic formulations are considered for the multiphysics problem. The domain decomposition is applied either to a single multiphysics iteration, which corresponds to a linear problem, or to the full nonlinear multiphysics resolution. In the latter, the problem solved at each domain decomposition iteration is nonlinear. The influence of the elastic wave's frequency and the electrostatic potential on the convergence rate and the computational cost of the algorithm is investigated on a 2-D model of a vibrating micromembrane array.
I. INTRODUCTION
T HE finite-element simulation of microelectromechanical systems (MEMS) involves a nonlinear coupling between electrostatic fields and elastic deformations, through the electrostatic force. For certain MEMs, such as capacitive micromachined ultrasonic transducers (CMUTs), in which many vibrating micromembranes are arranged in arrays, the simulation of the complete device (e.g., to evaluate the crosstalk between individual membranes) rapidly becomes computationally intractable using a state-of-the-art solver technology.
Domain decomposition methods (DDMs) [1] provide a solution to this problem, by splitting the geometry into several (overlapping or nonoverlapping) subdomains, solving each subproblem separately (possibly in parallel) with interface conditions linking each subdomain to its neighbors, and iterating until convergence is reached. The cost of each subdomain solution and the number of iterations to reach convergence determine the overall efficiency of the DDM.
The DDM iteration and the electromechanical coupling can be combined in multiple ways. Letting a fixed point (FP) (Jacobi), Gauss-Seidel (GS) or Krylov subspace (e.g., GMRES) iterative algorithm solve at each iteration the uncoupled, linear electrostatic and elasticity formulations has already been considered (e.g., in [2] ). Solving a single multiphysics Newton iteration at every DDM iteration has also been investigated, e.g., in fluid dynamics [3] . These approaches can both be classified as linear DDMs, since the problem solved at each DDM iteration is linear. Solving the full nonlinear multiphysics problem at each DDM iteration is an alternative, intrinsically nonlinear approach [4] . This paper details both the linear and nonlinear families of DDMs for coupled electromechanical problems and compares their convergence rate and computational cost on a 2-D steadystate (multiharmonic) model of a vibrating micromembrane array, when the elastic wave frequency and the applied electrostatic potential vary. 
II. ELECTROMECHANICAL FORMULATION
We consider a 2-D electromechanical system with a mechanical subdomain m and an electric subdomain e . (A star superscript will denote a deformation by the displacement field.)
Let v be the electrostatic potential defined on = e , u be the displacement field defined on m ⊂ with components u x and u y , and M be the 2-D elasticity operator defined
We consider the following weak formulation of the electrostatic problem with Dirichlet boundary conditions on e , e ⊂ ∂ e . Find v, such that
holds for appropriate test functions v , where is the electric permittivity (homogeneous anisotropic). Defining E x = (∂v/∂ x) and E y = (∂v/∂y) and using the Frobenius matrix product A : B = i, j A i, j B i, j , we consider the following weak formulation of the 2-D linear elasticity problem with Dirichlet boundary conditions on
holds for appropriate test functions u , where ν is the Poisson's ratio, E is the Young's modulus, and ρ is the mass density (all homogeneous anisotropic). The second term in (2) is the (nonlinear in v) electrostatic force computed using the virtual work principle (see [5] ). The Dirichlet conditions on boundaries e,m represent artificial transmission conditions between the considered electric and mechanic subdomains e,m and the neighboring electric 0018-9464 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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and mechanic subdomains, in the form of Dirichlet data v I , u I . Handling Robin or other interface conditions is standard. The staggered coupling consists of solving the electrostatic and elasticity formulations (1) and (2) in alternance. The monolithic coupling consists of solving (1) and (2) at once, using either a Picard or a Newton-Raphson (NR) scheme. For the latter, the linearized coupling terms have to be computed to obtain the Jacobian matrix [6] . In all cases, a classical first-order nodal finite-element discretization is used [7] .
III. MULTIHARMONIC RESOLUTION
Let us assume that the electrostatic problem is excited through a time-harmonic Dirichlet boundary condition v = V 1 sin(2π f 0 t) on the electrode e . Due to the nonlinear electromechanical coupling, the corresponding electric potential v and mechanical displacement u solution of (1) and (2) can be expanded as:
For the problems under consideration, numerical tests (see Section VI) show that keeping only the first two harmonics leads to an excellent approximation of the solution. A multiharmonic resolution [8] is, thus, used to solve directly for the Fourier coefficients V 1 , V 3 , U 0 , and U 2 .
Since the mesh deformation is decomposed as a sum of harmonics, the integration in (1) and (2) must be handled carefully. All the quantities are brought back to the undeformed mesh, by introducing the change of variables for the (x, y) coordinates (x * , y * ) = (x, y) + (u x , u y ) with jacobian J , where u is the displacement field that deforms the mesh from its undeformed configuration to the deformed one * .
Using relations d * = |J |d and ∇ * = J −1 ∇ in (1) leads to the electrostatic formulation on the undeformed mesh
This can be rewritten more compactly as 
In order to obtain the final multiharmonic formulation, the nonpolynomial factor
holds for appropriate test functions K . In practice, K is well approximated with two Fourier coefficients:
By replacing v and u by their respective truncated Fourier series and applying simple trigonometrics, one can then easily break the polynomial formulation into two formulations: one with terms multiplied by sin(2π f 0 t) and the other with terms multiplied by sin(3 · 2π f 0 t). The final discretized stiffness matrix has a 2 × 2 block structure, in which each block is a stiffness matrix discretized in the same way as for a single-harmonic problem. Note that the high-order polynomial terms lead to nonzero off-diagonal blocks in the electrostatic formulations, i.e., to coupled electric potential harmonics. The mechanical displacement harmonics are uncoupled for the linear (uncoupled) elastic formulation, and coupled in the case of a monolithic resolution with the NR method.
IV. DOMAIN DECOMPOSITION METHOD
We consider an overlapping Schwarz domain decomposition [1] , in which we iterate between the solution of the electrostatic and elastic formulations by specifying transmission conditions on the artificial interfaces e,m between the subdomains. For conciseness, formulations (1) and (2) are written with pure Dirichlet interface conditions: this simply means that, at each DDM iteration, the formulations (1) and (2) are solved with Dirichlet conditions forcing the electric potential and the displacement field to the values from the neighboring subdomains on the artificial interfaces e,m .
Other transmission conditions can be advantageously used to speed up the convergence of the DDM, by approximating the Dirichlet-to-Neumann operator on the artificial interfaces [9] . For the elastic formulation, these Robin conditions can be interpreted as impedance-type boundary conditions, linking the Dirichlet and Neumann data. The lowest order approximation (where the impedance is simply a real number) has been used for the numerical tests in Section VII.
V. NONLINEAR COUPLING SCHEMES
Combining the DDM with the coupled electromechanical formulation can be achieved in multiple ways. The DDM iteration can be performed using an FP/Jacobi or a GS iteration when applied to a nonlinear problem, or using any iterative linear solver (e.g., a Krylov subspace technique like GMRES [10] ) when applied to a linear problem. The multiphysics coupling can be handled using an NR iteration for the monolithic formulation as well as the staggered (STAG) iteration for the uncoupled one.
We focus here on the following OuterLoop (InnerLoop) combinations: 1) {FP,GS} (NR): FP or GS outer DDM iteration, each nonlinear subproblem being solved in a monolithic way using NR; 
VI. TEST CASE
We consider a simple 2-D model of a vibrating micromembrane array. A single subdomain is shown in Fig. 1 (not to scale): it consists of a silicon part vibrating in the air due to an electrostatic force coming from a sine voltage applied to the electrode. Formulation (2) is solved in the silicon; formulation (1) is solved in both silicon and air. The orange lines represent the artificial interfaces e,m between the overlapping subdomains. The mesh is made of quadrangles, with a total of 22 840 nodes. Homogeneous Dirichlet boundary conditions are applied on the whole bottom (black) line for both electrostatic and elastic formulations. For the numerical tests presented in the next section, the following geometrical and material characteristics have been used: membrane length of 50 μm, support pillars' thickness of 0.1 μm (leading to high crosstalk between adjacent membranes), membrane thickness of 0.2 μm, height of 5 μm, electrode length of 10 μm, and overlap between the subdomains of 0.4%; silicon with electric permittivity = 3.9 · 8.854 · 10 −12 F/m, Young's modulus E = 150 · 10 9 N/m 2 , and Poisson's ratio ν = 0.3. Fig. 2 shows two vibrating micromembranes joined together, when an excitation is applied only on the left electrode. The two harmonics of the mechanical displacement are depicted: the first Fourier coefficient U 0 has a low wavenumber, while the second one, U 2 , has a higher wavenumber. The crosstalk is high.
Numerical tests were performed for several electrodeto-ground voltages in the range of [0, v pull-in ]. The test frequencies were selected based on Fig. 3 , which shows the maximum value of U 2 , the mechanical displacement's second Fourier coefficient versus frequency. There are five main resonance peaks. The first one corresponds to the first resonance mode, i.e., half a mechanical wavelength per membrane, the second to a wavelength per membrane, and the fifth to 2.5 wavelength per membrane (as shown in Fig. 2) . The test frequencies have been selected to cover the whole frequency range of Fig. 3 , with a particular emphasis on the five resonance peaks. Fig. 4 shows the maximum number of DDM iterations for FP (STAG) (the DDM iterations are the outer loop iterations), NR (GMRES) (inner loop), and STAG (GMRES) (inner loop). Results for FP (STAG) and FP (NR) are identical. Robin-type interface conditions are used, as they lead to substantially lower DDM iteration counts compared with pure Dirichlet conditions when the coupling between the subdomains is high, as is the case here.
VII. NUMERICAL RESULTS
One can clearly identify convergence problems for FP (STAG) close to resonance. However, away from resonances, its convergence rate is comparable with its GMRES counterparts, even for a strong U 2 harmonic and a strong crosstalk. The quasi-independence of the convergence rate of both GMRES methods close to resonance is remarkable. Maximum number of DDM iterations between subdomains when close to pull-in for NR (GMRES) and STAG (GMRES) versus frequency (Hz). Fig . 6 shows the total solution time for a resolution without DDM, with STAG (GMRES), NR (GMRES), FP (STAG), and FP (NR) in the most challenging case, i.e., close to pull-in. The advantage of using a monolithic Newton nonlinear resolution over a staggered one is clear in this case: the reduction of the number of nonlinear iterations overcompensates the extra time required to solve the NR formulation, in which all the harmonics are coupled. The figure also shows that FP (NR) does not take much more time than NR (GMRES), which only requires one LU decomposition of the Jacobian matrix per iteration. All DDM iterations of a nonlinear iteration in NR (GMRES) can be done using the same LU decomposition with an order of magnitude faster LU backsolve, which significantly reduces the computation time. In FP (NR), however, the mesh changes at every DDM and nonlinear iteration, and the LU factorization can, thus, not be reused.
In all cases, as expected, GS (NR) and GS (STAG) have been observed to converge almost twice as fast as their FP equivalents. This is, of course, to the detriment of a possible parallelization of the algorithm.
VIII. CONCLUSION
This paper compared several domain decomposition schemes for nonlinear, coupled electromechanical problems. Both the staggered and monolithic electrostatic/elastic formulations were considered.
Close to resonances, the STAG (GMRES) and NR (GMRES) methods perform best, with a clear advantage for the NR iteration versus the staggered iteration when close to pull-in. {FP,GS} (NR) is competitive when compared with NR (GMRES) away from resonance, but NR (GMRES) is still slightly faster due to its reuse of the LU factorizations. On memory limited systems, where the factorizations cannot be stored, {FP,GS} (NR) regains its advantage.
Future work will explore the behavior of these algorithms on larger arrays on CMUTs, where a dedicated preconditioner or coarse grid must be applied to keep the number of iterations to an acceptable level.
